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In this paper we show that the set of solutions of the Nicoletti or Floquet
boundary value problems for hyperbolic differential equations is nonempty
compact and convex. We apply the BrowderGodheKirk fixed point theorem.¨
 2001 Academic Press
1. PRELIMINARIES
 In 7 Lasota and Olech presented optimal results concerning the
uniqueness and existence of solutions of the Nicoletti boundary value
problem for the first order ordinary differential equation. Similar results
for the Floquet boundary value problem for the first order ordinary
 differential equation were obtained by Kasprzyk and Myjak 5 .
Ž .In the paper we consider the problem u  u x, y, u, u , u , u withx y x y x y
the Nicoletti or Floquet type boundary value conditions which were
 introduced in 10 . We show that under some assumptions the set of all
solutions of these problems is nonempty compact and convex in an
appropriate space of continuous maps. To this end we apply the following
 well known result 3, 4, 6 .
Ž .THEOREM BrowderGodheKirk . Let C be a nonempty closed conex¨
bounded subset of a Hilbert space and let h: C C be a nonexpansie
1 This work was supported by the University of Gdansk, Grant BW-5100-5-0274-7.´
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Ž  Ž . Ž .   .operator i.e., h x  h y  x y for all x, y C . Then h has a fixed
point.
The problem of the topological structure of the set of solutions of
Žfunctional or differential equations was studied by many authors see, for
 .example, 1, 8, 9 .
    ŽLet  0, p  0, p , where p , p  0. We will denote by K i1 2 1 2 i
. 2Ž  n.1, 2 the Hilbert space of all  L 0, p , R with the scalar producti
npi
 ,    z  z  z dz , 1Ž . Ž . Ž . Ž . Ž .K ÝH i j ji
0 j1
  Ž . Ž .where  : 0, p  0,	 is continuous. Let T : K K i 1, 2 bei i i i i
continuous linear operators. In the sequel K stands for the Hilbert space
2Ž n.of all u L , R with the scalar product
n
u ,    x  y u x , y  x , y dx dyŽ . Ž . Ž . Ž . Ž .ÝHHK 1 2 j j
 j1
 and the corresponding norm  . Consider S , S : K K given byK 1 2
S u x , y  T u , y x , S u x , y  T u x ,  y . 2Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .1 1 2 2
Ž n.  By E we denote the space C , R with the supremum norm  .
Ž n.4 nRecall that a map f :  R  R is Caratheodory, when all its´
sections
4n nf x , y ,  ,  ,  ,  : R  R , x , y  Ž . Ž . Ž .
are continuous and all sections
f ,  , q , r , s, t :  Rn , q , r , s, t RnŽ .
are measurable in the Lebesgue sense.
n 4 n ˜Ž .LEMMA. Assume that f :  R  R is a Caratheodory map,  ,  ,´
ˆ K, such that L , L , L , L , L, M
 0 satisfy0 1 2 3
       T  T L 	 T L 	 T L 	 L  1, 3Ž .1 2 0 2 1 1 2 3
   T  T L 1. 4Ž .1 2
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n Ž .˜If for all q, r, s, t, q, r, s, t R and x, y  ˜ ˜ ˜
 ˜f x , y , q , r , s, t  f x , y , q , r , s, tŽ . ˜ ˜ ˜Ž .
       ˜ L q q 	 L r r 	 L s s 	 L t t , 5Ž .˜ ˜ ˜0 1 2 3
   f x , y , q , r , s, t  L q 	M , 6Ž . Ž .
Ž .then the set Fix h of all fixed points of h : K K gien byf f
˜ ˆh   f ,  , 	 S S  , 	 S  , 	 S  , Ž . Ž . Ž . Ž .Ž .f 1 2 2 1
is a nonempty closed conex and bounded subset of the Hilbert space K.
Ž .Consequently, Fix h is a weakly compact subset of K.f
       Proof. Note that S  T and S  T . We show that h is1 1 2 2 f
Ž . Ž .nonexpansive. In fact, for u,   K from 5 and 3 we get
 h u  h Ž . Ž . Kf f
     x  y L S S u x , y 	 L S u x , yŽ . Ž . Ž . Ž . Ž . Ž .ŽHH 1 2 0 1 2 1 2ž

12
2   	L S u x , y 	 L u x , y dx dyŽ . Ž . Ž . Ž . .2 1 3 /
    L S S u 	 L S uŽ . Ž .K K0 1 2 1 2
   	 L S u 	 L uŽ . K K2 1 3
          L T  T 	 L T 	 L T 	 L uŽ . K0 1 2 1 2 2 1 3
  u .K
Ž     . Ž    . Ž .Set  L  	M 1  1 L T  T . From 4 we have  0.K K 1 2
Ž .By 6 ,
   h    x  y L S S  x , yŽ . Ž . Ž . Ž . Ž .ŽK HHf 1 2 1 2ž

12
2 	L  x , y 	M dx dyŽ . . /
      L S S  	 L  	M 1Ž . K K K1 2
          L T  T   	 L  	M 1 .K K K1 2
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Ž Ž .. Ž . Ž . Ž . Ž .We thus get h B 0,   B 0,  and Fix h  B 0,  , where B 0,  f f
   4u K: u  1 . The BrowderGodheKirk theorem now yields that¨K
Ž .Fix h is nonempty. This set is bounded and closed. Using the parallelo-f
Ž .gram law one can observe that Fix h is also convex.f
2. THE FLOQUET PROBLEM
Ž n.4 nFor given 	 , 	  0, Caratheodory f :  R  R and absolutely´1 2
  n   n Ž . Ž .continuous 
 : 0, p  R ,  : 0, p  R such that 
 0 	 	 
 p 1 2 1 1
Ž . Ž . 0 	 	  p consider the problem2 2
u  f x , y , u , u , u , u , x , y   ,Ž . Ž .x y x y x yu 0, y 	 	 u p , y   y , 7Ž . Ž . Ž . Ž .1 1u x , 0 	 	 u x , p  
 x .Ž . Ž . Ž .2 2
A solution of this problem is any absolutely continuous u:  Rn, which
satisfies the differential equation almost everywhere in  and the bound-
2 2Ž . 'ary conditions for all x, y  . Set   p   	 ln 	 and  1 1 1 2
2 2'p   	 ln 	 .2 2
THEOREM 1. Assume that L , L , L , L , L, M
 0 satisfy0 1 2 3
  L 	  L 	  L 	 L  1,   L 1.1 2 0 2 1 1 2 3 1 2
Ž . Ž .If Caratheodory f satisfies 5 and 6 , then the set of all solutions of the´
Ž . Ž n.problem 7 is a nonempty compact and conex subset of E C , R .
2Ž  n.Proof. Let K be the Hilbert space L 0, p , R with the scalari i
Ž . Ž . 2 z pi  product 1 , where  z  	 for z 0, p . Let T : K K be giveni i i i i i
by
z p1 	 ii
T  z   w dw  w dw.Ž . Ž . Ž . Ž .H Hi 1	 	 1	 	0 zi i
Ž . Ž . Ž .Note that T    iff  0 	 	  p  0,  is absolutely continuous,i i i
Ž  .  and   K . It is known see 2 that T   for i 1, 2.i i i
Define  :  Rn and h : K K byf

 x  y 
 0 	 	 
 pŽ . Ž . Ž . Ž .1 1
 x , y  	  ,Ž .
1	 	 1	 	 1	 	 1	 	Ž . Ž .2 1 1 2
h   f ,  , 	 S S  ,  	 S  ,  	 S  ,  ,Ž . Ž . Ž . Ž .Ž .f 2 1 x 2 y 1
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Ž .where S , S : K K are given by 2 . After setting   u the problem1 2 x y
Ž . Ž . Ž .7 can be written as   h  , where   K. If h   , then 	f f
Ž . Ž . Ž .S S  is a solution of 7 . From the Lemma it follows that Fix h is2 1 f
Ž Ž ..nonempty convex and weakly compact. Thus, 	 S S Fix h is a2 1 f
˜Ž .bounded subset of E. From 6 it follows that there exists a constant M
˜Ž . Ž .  Ž . such that for every   Fix h and x, y   we have  x, y M.f
Ž Ž .. Ž .Therefore, the set 	 S S Fix h of all solutions of 7 is a relatively2 1 f
compact subset of E. As S S : K E is linear and continuous, this set2 1
is also convex and weakly compact in E. Consequently, the set 	
Ž Ž .. Ž .S S Fix h of all solutions of 7 is a nonempty compact and convex2 1 f
subset of E, which completes the proof.
3. THE NICOLETTI PROBLEM
   For given s  0, p , t  0, p , where j 1, . . . , n, a Caratheodory´j 1 j 2
Ž n.4 n   nmap f :  R  R and absolutely continuous 
 : 0, p  R ,1
  n Ž . Ž . : 0, p  R such that 
 s   t for j 1, . . . , n consider the2 j j j j
problem
u  f x , y , u , u , u , u , x , y   ,Ž . Ž .x y x y x y
8Ž .½ u s , y   y , u x , t  
 x , j 1, . . . , n.Ž . Ž . Ž .Ž .j j j j j j
A solution of this problem is any absolutely continuous u:  Rn, which
satisfies the differential equation almost everywhere in  and the bound-
Ž .ary conditions for all x, y  . Set   2 p  and   2 p  .1 1 2 2
THEOREM 2. Assume that L , L , L , L , L, M
 0 satisfy0 1 2 3
  L 	  L 	  L 	 L  1,   L 1.1 2 0 2 1 1 2 3 1 2
Ž . Ž .If Caratheodory f satisfies 5 and 6 , then the set of all solutions of the´
Ž .problem 8 is a nonempty compact and conex subset of E.
2Ž  n.Proof. Let K be the Hilbert space L 0, p , R with the scalari i
Ž . Ž .  product 1 where  z  1 for z 0, p . Let T : K K be given byi i i i i
x j
T  x   w dw , j 1, . . . , n ,Ž . Ž . Ž .Ž . Hj1 j
sj
yj
T  y   w dw , j 1, . . . , n.Ž . Ž . Ž .Ž . Hj2 j
t j
Ž . Ž .Note that T    iff  s  0 for j 1, . . . , n,  is absolutely contin-1 j j
Ž . Ž .uous, and   K . Similarly, T    iff  t  0 for j 1, . . . , n,1 2 j j
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Ž  . is absolutely continuous, and   K . It is known see 2 that2
 T   for i 1, 2.i i
Define  :  Rn and h : K K byf
 x , y  
 x 	  y   t , j 1, . . . , n ,Ž . Ž . Ž . Ž .j j j j j
h   f ,  , 	 S S  ,  	 S  ,  	 S  ,  ,Ž . Ž . Ž . Ž .Ž .f 2 1 x 2 y 1
Ž .where S , S : K K are given by 2 . After setting   u the problem1 2 x y
Ž . Ž . Ž .8 can be written as   h  , where   K. If h   , then 	f f
Ž . Ž . Ž .S S  is a solution of 8 . From the Lemma it follows that Fix h is2 1 f
nonempty convex and weakly compact. Now proceeding analogously to the
Ž Ž ..proof of the previous theorem one can show that the set 	 S S Fix h2 1 f
Ž .of all solutions of the problem 8 is nonempty compact and convex in E.
4. THE NICOLETTIFLOQUET PROBLEM
 For given 	 0, t  0, p where j 1, . . . , n, a Caratheodory map´j 2
Ž n.4 n   n  f :  R  R , and absolutely continuous 
 : 0, p  R ,  : 0, p1 2
n Ž . Ž . Ž . R such that 
 0 	 	
 p   t for j 1, . . . , n consider thej j 1 j j
problem
u  f x , y , u , u , u , u , x , y   ,Ž . Ž .x y x y x y
u 0, y 	 	u p , y   y ,Ž . Ž . Ž . 9Ž .1u x , t  
 x , j 1, . . . , n.Ž .Ž .j j j
A solution of this problem is any absolutely continuous u:  Rn, which
satisfies the differential equation almost everywhere in  and the bound-
2 2'Ž .ary conditions for all x, y  . Set  p   	 ln 	 and  2 p  .1 2
THEOREM 3. Assume that L , L , L , L , L, M
 0 satisfy0 1 2 3
L 	 L 	 L 	 L  1, L 1.0 1 2 3
Ž . Ž .If Caratheodory f satisfies 5 and 6 , then the set of all solutions of the´
Ž .problem 9 is a nonempty compact and conex subset of E.
2Ž  n.Proof. Let K be the Hilbert space L 0, p , R with the scalar1 1
Ž . Ž . 2 x p1  product 1 where  x  	 for x 0, p and let K be the Hilbert1 1 2
2Ž  n. Ž . Ž .space L 0, p , R with the scalar product 1 where  y  1 for2 2
 y 0, p . Define T : K K by2 i i i
x p1 	 1
T  x   w dw  w dw ,Ž . Ž . Ž . Ž .H H1 1	 	 1	 	0 x
yj
T  y   w dw , j 1, . . . , n.Ž . Ž . Ž .Ž . Hj2 j
t j
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Ž . Ž . Ž .Note that T    iff  0 	 	 p  0,  is absolutely continuous,1 1
Ž . Ž .and   K . Moreover, T    iff  t  0 for j 1, . . . , n, 1 2 j j
   is absolutely continuous and   K . As before, T   and T2 1 2
 .
Define  :  Rn and h : K K byf
 y  tŽ . Ž .j j j
 x , y  
 x 	  , j 1, . . . , n ,Ž . Ž .j j 1	 	 1	 	
h   f ,  , 	 S S  ,  	 S  ,  	 S  ,  ,Ž . Ž . Ž . Ž .Ž .f 2 1 x 2 y 1
Ž .where S , S : K K are given by 2 . After setting   u the problem1 2 x y
Ž . Ž . Ž .9 can be written as   h  , where   K. If h   , then 	f f
Ž . Ž . Ž .S S  is a solution of 9 . From the Lemma it follows that Fix h is2 1 f
nonempty convex and weakly compact. The set of all solutions of the
Ž . Ž Ž ..problem 9 is equal to 	 S S Fix h . As before, one can check that2 1 f
it is nonempty compact and convex in E.
REFERENCES
1. N. Aronszajn, Le correspondant topologique de l’unicite dans la theorie des equations´ ´ ´
Ž .differentielles, Ann. of Math. 43 1942 , 730738.´
2. D. Bielawski, On optimal solutions of boundary value problems for differential equations,
Ž .Nonlinear Anal. 26 1996 , 509524.
3. F. E. Browder, Nonexpansive nonlinear operators in a Banach space, Proc. Nat. Acad.
Ž .Sci. U.S. A. 54 1965 , 10411044.
Ž .4. D. Godhe, Zum Prinzip der kontraktiven Abbildung, Math. Nachr. 30 1965 , 251258.¨
5. S. Kasprzyk and J. Myjak, On the existence of solutions of the Floquet problem for
Ž .ordinary differential equations, Zeszyty Nauk. Uniw. Jaqiellon. Prace Mat. 13 1969 ,
3539.
6. W. A. Kirk, A fixed point theorem for mappings which do not increase distances, Amer.
Ž .Math. Monthly 72 1965 , 10041006.
7. A. Lasota and C. Olech, An optimal solution of Nicoletti’s boundary value problem, Ann.
Ž .Polon. Math. 18 1966 , 131139.
8. J. M. Lasry and R. Robert, ‘‘Analyse non lineaire multivoque,’’ Centre de Recherche de´
Math. de la Decision, Vol. 7611, Universite de Paris-Dauphine.´ ´
9. W. V. Petryshyn, Structure of the fixed point sets of k-set contractions, Arch. Rational
Ž .Mech. Anal. 40 1971 , 312328.
10. T. Pruszko, Some applications of the topological degree theory to multi-valued boundary
Ž .value problems, Dissertationes Math. 229 1984 , 152.
